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P!IU7ACE

Among resefthers involved in the design and duvelopment or

defenseN agoinct ballistic missiles there is conasderable Interest in

the potential of phased-array radars, Of particular- Interest are

those data processing methods which may be applied In the analysis or

deetIgn of phased-array radars to arrive at optimal performatnce

charaoteriatics(e..., target handling capacity, ac'curavy, power,

etc.), mlnimal cost, or both.

This eomorandim deals with tho statistloal nalysts of one suoh

performanoe characteristic, namely, angle tracking accuracy. It

illustrates a method of relating such, accuraoy both to recetvar

noite and to component errors. This is an advance over previous

studio* which have treated only one or tho other ,ource of error.

The work rwported here was conducted In connection with HAND's

studies of low-altitude defense wtiBic are sponsored by the Advancud

R~esearch Projects Agency's Drefender" program.



This Memorandum disouuaos the angular accuraey of phauud array

radars, with anuumptlons appropriate to the problem of hard-point

ballistic missile Aefense. An equation Is derived relating angular

accuracy to the signal-to-noise ratio In Individujal ehanzo].au of the

array and to random component arroru in the individual dhanxuiola.

This equation in applicable to arrayu with nuot-unlormi.y ,tn, Od

elements, which aro often conaii•ierud for use In hard polit derolu'e

systems. Smoothing or radar (' ia to ubtairi entinaLew or angjle and

angular rate for Interceptur guidlance Iu also diuvuuued.
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I. rfl"MODUCT2 ON

,leveral papers have been published which discuss the angular

tracking accuracy or phaved array radars. Two recent publLcatiuns

considered the effect of random component errors, both amplitude

and phase, on tracking accuracy.(1,.,) A third japer deals exclusively

with errors due to receiver noise. (3) In the present Munoriindum, an

equation for angular tracking error it dorived which includes the

effects of both component errors and receiver noise. The analysio

to similar to those of Refs. 1-3 and ahowu that, when angular error

Is small, the mean squared angular errors due to receiver noise and

component errors are additive.

The following discussion is slanted toward the problem of hard

point defense, tlints the detection ra,,lton required in thl case

are relatively small, generally less than l1W mile., the power-aperture

products required for detection are quite low. On the other hand, the

angular accuracy requirements are quite severe if either command

guidance or predicted fire In used during tntertieption. The combina-

tion of low power-aperture prodlwt and good anguLar accuracy suggests

the use of partially filled receiving arrays for economical design,

particularly at low radar frequencies. T'he equation for angular

accuracy which is derived here is applicable to arrays with any

arbitrary distribution of receiving elements, Previous anmysee

have considered only receiving arrays with uniform element spacings.

The following aalysis is himlitied as far as possible without

sacrificing any of the essential features of the problem, A large

signal-to-noise ratio to wasumed in the sun channel (not In InLdvidual



2.

I f! (1..1Tv r(J)1E'tl "Iil ol t30 t h~e phuI10 in MIC "uut

"iliM110 lo nn LIf i-irmte menau~rn (if ogaili3 phase at tho cornLuv of'M

rlft l1Y, Tii Odia onaun It oan be uIjowji t~hat ampliltda arrora in the

h uI v1iunl ehannela do not contribute to angflar error. Also,

hermustiW of ttio 1.nxrro signail-to-noise ratto It will, be assumeid that

Uie~ tnrtjot to bel ng nocourateily trackod and is near the monopul~ue

c~rolsuover angle, whtich further uimplifies the analysis. The

annumlitton of largeo ON/ appears justified since eaccurate tracking,

to moot itrnprtayit du~ring~ tbe V~icdance phase whom the target ise at

ahort range.

Var aimpliatty, only phase colI~a'iuon monopulso vil.. be co;nsid~ta-e.

Tn this caa'o tho motiopulac, ditterenue oigiAl 's obtained by conibiningi

the a Ignats from the Individual chAnnels of the array coherently.

Tt has been Plinwn twit, by properly wuitihi~ng the indiIf~iW'al tfl~(tAlat

this technfqiie provides Accuracy an good as in theoretir'ally poucibio.

'7. Mallstte prIvate oernwtuniontion.

Best Available Copy
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IT. fl(MLE-P'UUIE MNGUMnAl ACCURACY

The coordinates In which angles are measured with a planar

receiving array are Illustrated in Fig. 1. The x and y axes lie

in the plane of the array. Incremental phase shift between elements

in the xmdireetion is a meanure of the angle between the line-of-

siaht and the x-axis, i.e., 1. limilarly, incremental phase shift

in the y-direction in a measure or the angie #,

We will consider measurement of one of thene an&glun, say 0. It

Is assumed that a target has been detected and Is beingt trac(ked no

that its arproximdte coordinates (n 1, 0 0) are knwn., A mum betA is

formed by adding the outputs from all of the elements Ixn te array

coherently, after Incremental phase shifts appropriate to the

approxJmste target angles (61, fl) are introduced in the Ildividual

channels. Also, a difference signal in formed which it a measure

of the error in the estimated value of A. Loet thtere be an even

riumber of elements In the array, with the elements on one side of

the array numbered from 1. to N/2. lat x nI represent the x-aoordinates

of these elements and asume for simplicity that the Lrray Is symmetric

about the y-axis In the nonse that xn a -X'n .

The ampiptude and phase of the voltage (or murrent) in thL nth

channel can be represented by a vector quantity:

+ 4a( +.) a n + (+.)

thiere,



Come of constant Target

Fe

Fig, I-Arngle measurement with a planar array



u a -cooa

a w signal amplitude

In a fractional amplitude error In
the nth ohantel

, radar wavelength

0 - reference phase at tise center
of the array

*n a phase error in the nth channel

* 1 noise component in the nth channel7n

Maoh quadratwre component of the receiver noise, 7 , normULY

distributed with a nma of sero and man squared value a ,

The our. sitnal tis form*e by using an even weitgting function,

s(-).),x

•/•' -tu 'x
• ; . .i ( K ) a n ,( )

Wherel u' . coil

OW'

The mxdmim n/I ratio In the sum channel it obtalined when e(x) n 1I

but sam taper my be Introduced to reduce sidelobes, Dilno* the array

contains an even number of elemnts, leot e - 0.

Equation (2) can be rewritten In the ferns
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o", V 4't 4 - i 1'

I t f

-I xi n7n " t!

pThe uWt'nuLlral properties of the phaue-hiftted nolee volttagn Yn

are tho name a, thoac or y, . Doth the phsuo error 5n and tio target

nngl.e orf boroeigtht (.o vx n) have been aoum•d small in the above

expansion, WhbTrc the fl/N ratio is large and the effeots or cootponent

errors are small in tCi own signal, Mq. (3) beoomus,

n W 2& txo) (4)

nut

h.e stun signal is used only as a reference for extracting anuplar

error infornmtico.. from the atfrerenoe signal. When a targaL In lboln;

aontinuoudly tr, iked and in near the monop•lse arosoover, the utgral

is much larger in the smn channel than in the difference ohannnl.

itwItes, the etrects or component errors and receiver reola on the umn

signal are small in comparison with their oontribution, to Ihe

difrerenoe signal,

The differenoce signal. is formed uming an odd weightingi rutction,

tIC x),

D B esn) aan abn (C)

Best Available COPY
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!Vij Umii: thi rnm notation and ankiumptiona as above:

P . (xn) [A~l -"4) s"-Yl

Nie • xn) [a(vxn + 5) + N2] (6)

whore: I n ." Y 7n- ; 7n and 7 are real.

Onl~y thte aceond term, D, eonLrinu Inrormation about 01h,, Lrget

angle off borelghtb, This component of the difference signal ran be

extractod by usinig the referenoe phase or the aum . rsgnal,, wht'h also

Indicaten the mene or the angultar error, Miwmeu, to a firtit-oi'der

approximit•tIon, error* In the reference phase van tic, negleC('ed,

amplit[ude error. (en) which appear only in the DiX term 4,.,n ,t'ii Il,,

negia1ctoI. '1the term of tnturevit in then:

N/2

Dii , (xn) La(vx, ý 6n) + (7)11 C

'Ma mes error in ,masuranart nf v Is

Best AVa sie Copy
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El-• v. -J(l

7'Th slope of the dirferonce signal I), at, boreu1tht in-

all,2 -a,, • xnd~x)(•
ýv v - 0(9)

Also-

a ) ,+ (x) (Wu)
n

where: &* - mean uquarod phasei errur In wa'i dianne}l,

Combining PF(I. (8-10) gives:

a + )N!

S n ,d( xn)

This exprussion is mnnimised when d(x) it proportional to x, in whloh

IW W/2l

": (2!'s/:°
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The c'orrespondiiti mmmli sq•uared error in measarem.nt of the angle A
U

1a thon:

a~~ ~ "~i n (~

vhere: x it umigna-to-unoise power ratio In eac'h individual nhamiel.

E'(quation (1 ') nhows the dependenlce of single-puloo rinm angular

error (a A) on Lh spacing of eoLements in the array (xn), the rmu

value or component phane error (a and sipnal-to-noise ratio in

the. ,Indlvldual g.,arnaels (x).

When the component error term in snall in coumparir.on to the

receiver noie* term (ai 40 and s~oml paced seu are

ansumed, V'q, (15) ti the same s the results of Ref. ! (Eq. (14)),

For a. w /O x., ,q, 15 below gives the result derived lan fie. 2

for a unitoraty sparied array,
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TH. I, 3TICIIflT(.ON OF AMrflUMVl1.P I.,'

A mor,- intuitiv,- uIlc'unuion or tho, traoklng probl.-m may yic-ld

b-tt,,r inuti~ht into thia unalysiu and hr-rvr- to juutify somr, of the

aIaIumptiona, For thim purposit, vonidrir an array containing I(X)()

,l-n,'9mnt-, Again, aumenc monopulum tt'chniquns art used to measur,.

th,' angle- 0, and that th. ,.lemento art- mynur.trtcally plae-d with

r.uapect to the y-axis,

Atter a target to dotteted, two b-amai arv fu•irnI In the approxi-

mate diroction of thr target, a mum beam and a dlrforonce beam.

Considnr firut the Ide'al e.ao of no component .,-,roru and no r-cwiver

noie". Whon the beam* are pointed directly at the. tarket the sum

output ham its maximum value, and th- difference output to zero.

Annumn' the signal conponpnt In each channel iu I volt, uo thee amplitude

or the mum output (Ul) is a1X0 volts. If th-' target tu now moved off

boreuight by a fraction or the boamwldth, fl diert,•thu, alIittly •n

amplitulue but, door not change In phase. The differene signal (1)

to In quadrature with fI and im roughly proportional to the angle off

boremight. The ratio of I) to M In thim Idual oa-•- prnvldes an exact

measure of angle off bornulight,

Next, amAuti,-, tUiat component errors and/or reveolver noise are

present anti Jointly contribute an ime error of I volt In each channel,

Tn addition to Its average value of LW(X) volt, at tho, vorrect reference

phase, ,1 then contains an error vomponent with an me value a 4 (

or W volts. The sum signal (Hi) is used only to obtain a r9ference

phase and amplitude for extracting angular information from the

differenre signal (D), A small percentage error in the alplitude of



f' yieldu the same percentage error in the estimte of angle of '

boreuight. For exanmpLe, If the Amplitude oa fl were in error by ;

per cent and the target 1/ý.% beazmwidth off boresight, an error or

0.1 per cent of the b~Adth vouldA r•ult. Por a conttinuouly

tracking radar vith the target near boreuight this is % mecond-order

offset.

The contribution of channopl, amplitude errors to D to in-phave

with 11, while only the component of D in.quau-aturoo with 13 contains

tnforamtion on target angular pnuttlton. Hence, if the phase of Sl

Is ac•urate, the Ln. 1ihaue !oomponnet of D is discarded and amplitude

errori do not degraulte trac.king accuracy. When there Is an eiror In

the phase of fl, a portion ut the P term containing amplitude errors

(r1 in Yq. (6)) Is retained and rontributes to anltar error. Again,

thia is a second-order effuct.

Tt is fortunate that angular accuracy is not critically dependent

ohn amplitude tolerances In the Individual channels when the anguaw

errors due to receiver ,iol.e wil r",ac -I ' ohase errors are smal. As

noted iz Hof. 9, the element patterns wa ittfer ctonuiderably in

the different channels of a phased array. It the inivitual channel

gains are edjust'e for equal signal amplitudes at am soan angle, there

would be amplitude errors at other sorai angles due to differences ti

the element patterns. Tt may be itfieoult, therefore, to mintain

tir amplitude tolerances in the Individual ehwaonel.

PRa. I considers In detail the aie of targ1ts off boresight.
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Mv. sMooKI OF 1ADA14 DATA

The preceding analysis has considered only the aingle-pulse

accuracy of an angular measurement, ouidAnce commands for an

interceptor missile are generally based on the inforyration obtained

during a train of radar pulses, rather than oi single-jiulse data

alone. From the radar data obtained during a preceding interval of

time, both the angular position of the target and its angular rate

are computed and used In the guidance computation. It may also be

4esirable to use higher-order derivatives of angular position, eg.,

angular aoceleration, in computing orders for command guidance or

launch angles for ungulded mismiles.

The following discussion of smoothilng applies only to random

error@ which are independent fror pulse-to-pulse. boresught mis-

alignment and systematic error@ which are fixed or slowly varying

cannot be removed by smoothing, It has been noted, however, that

fixed errors which are independent of scan angle will cancel In the

measurement of relative position. fence, they are not important

when omuand guidance Is employed, provided the target and Interceptor

are tracked by the same radar. RIandom phase errors In the channels

would generally be slowly varying or fixed (e.g., errors In element

placement are a possible soarce of phase errors awn would be fixed

errors), and hence could not be reduced by smouthing. Ag.an, these

errors my cancel during the terminal phase of conmmnd guidance.

Angwlar errors due to receiver noise will not ~ 1ee1, however, even

when the target and Interceptor are at the sam angle. This may be

the =ast Important type of radar error In cnlaM guidana system and

can be reftce4 by smoothing.
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EST3ATE OF 0

First consider a target at a fixed angular position. Lot $E

denote the estimate of angle obtained by averaging the mesurements

on several pulnes. In this oaee

a

wheret a• rms error in

a M ru error In sinale-pulse measurement

M a number of pulses averaged

Variations in rang.n, atid hnncem in f1/N and a., during the smoothing interval

are negtected here andi In the, rollowing discussion. This asse (Eq. (1.))

to of little interest slnce, ina general, the target would have a rinite

angular rate, 0 U 0. thileuu very short smoothing times were used, the

anular rate would yldl n m.ilgificant bias error In IF.

JOIMt MTMATF or j AN

In general, both I and ; are unknown and a better estimate of

angle can be obtained by fitting a linear curve to the data. Consider

the case where i is constant over the smoothing inturval To and a set

of M equally spaced mnoaeurementl of a ae available. Here M -•rT,

where t r is the radar pulse repetition frequency. L[t ( n) represent

the set of mesoured angles corresponding to the set of times (t - na)

0Actually, the data could be compensated for a known value of
0 p 0, so that even then the ou Igven in Eqo (24) ould be realieod.

However, this is a somewhat aftifiteal situation.



where t to the ti•e of the last observation (n - 0), A 1o the time

Interval between measuements, and frA a 1. Let *e represent the

estimated value of $ at the eand of the smoothing interval and i.

the estmated angular rate. The errors in the In measurements are

normally distributed with a mean of zero and an rms valae of aA

Maximum likelihood estimates of angle anO aigular rate are

obtained by minimizing the mean square difference between the data

and a linear curve, i.e,, minimizing the quantity:

M-1

I (OAn f*+An)L()
noO

For simplicity, we may assuam that M )o 1. Then, equating

and 4- to zero and solving for E and i gives:

M- 1

in-

M-1

In the liner oasee; these equations we used to obtain estimates of

tarpt an41e and angular rate, O and i., from the set of mao oed

angles (n ). The estimates, $IC and are random variables. One to

interested In determining how "ourately these estimates oarrespoud

0. the true values of angle (0) ard anpalar rate (j).
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N~oting that I - o - nAO, and averaling Eqs. (16) and (17), it

can be sern that 6hese eatimates are unbiased, i,@,, A# and

T. Po obtain the rma nrrr In A., Kq. (16) oan be rewrltten in

the form:

M-1

n-j

Noting that

(Ar" -) 11 m - I) o rr

(19)
.0 nl• n

the mean uqual',I ulrur Ini tim eauImate of otrg.le, e to:

C .2.ti . (2o)

From a similar aaloulaLionr

Por simplicity It has been assumed In this derivation that N M 1.

Note that the Nx of 2q. (20) is twice that of Xq. (11), When

aMulr rate Is unknown, the target an4ge at the end of the smoothing

interval ( ca) cannot be estimated as accurately as WMn angda rate

io known. Nover, tqs. (16) And (17) yield a Joint ef•tioient estimate



Of (o, W)h(1 When both quantities are unknown, no method of

estimatlon will yield bettor accuracy than It indioated in Kqs. (ku)

and (21). These results can be related to the parameters of an

array by combining 11q. (15) with Kqa. (20) and (21).

Again, if long smoothing timea are u.ed with th" linear approxi.

mation, errors will result rrom w•,li'owti tin,- d and higber-order

derivatives oft S.

JO1f MTDOTX OF 0,A and i

In this case oi* wlsheu to tind thin best fit between the set of

measured angles (S] and a ourve of the torm (n2 - /2).

Hare A and , are estimateu or the angle and angular rate, respeotively,

at the end of the measurement interval. tt is assumeu that angular

acceleratlon to constant (luring the umnothing interval, the measurements

are uniformly spa•ed, and the sr'oru in the An are apin normally'

distributed. The maximum likelihood esattinmte of (@,0,d) is obtained

by minimising ri

not)

Xquating the partial derivations of Kq. (2k) with respect to

0, 6 an, 4 to Iero and solving the resulting three limear equatitas

gives:
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P4-1

M- L

This net of equation~ -Fi be utiwit to obtalin estimate# of siqujaz'

ac~ceInrattuth, Anil (it' rtIiwje ni and s1iar rate at the end of the &oinouthing

Interval , frrom tl't' rmw.'aurnffinta 1,d, Apin, it can~ be .nhovn, fromi

Xqs..() anid in~ - int - *n1 A'/iw), that theme ontinatvi. are

ft'M K1qN. (19) and (; 5), th.' PWan LPU'AIVIar'*rrort In thp~ao euthismt.,t

are (for tArgq '4):

70a

10: T
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E~quation (13) can be lised to relate thene *rrorii to radlar oyastsm

parauwters.

It is also iInterebtingi to itoto tho~ covrraltntioj butwu'on b
and A P" The covarlances of theiie eoti~tateu ure dLofined Uy

V4  W ~ *i ~5)

7, -. ;) ( -

flubstitution cur moq, (23) and (VA) into thlu yioidij (agarin for lhrgo

M~Tl

C *..

Tm

Now the correlation coefficients are seen to be
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C 0.

A oorrelation coefficient with unit nmupiltude indleates that tvo

estimates are "completel•y correlated," i.e., that the estimate of one

parameter is uniquaLy deiermlnvd by the estimate of tlhe othur. Our

estimates of 6,J, a i at the end of the observation period are

hiolhy correlated, ninoe the correlation coefficients are positive,

this mans that if the errors Ini the usadureants of 0 obtained tram

the Individual pulses are such that ý *xzoeod the true value at 0,

then with high probabitity i. and vtU exceed the true values at

a&rnd 'A, respectively.

For a given smoothing time, the errors in o and wrae Preater in

the parabolic came (Pq. (24)) than in the linear case (Eqs, (20) and

(21)). However, with hig-oer-order curve fitting, longer smoothing

times can be used and should yield a net imrovement in accursayo

Agino the maximum smoothing time which nan be used advantaepously

is .Lmited by the higher-order derivatives of an•le, in this case the

third and higber derivatives.
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It desired, oubic or higher-order polynomials could be fitted to

the measured data. Another possibility is titting oves oft torms

other than polgynomials to the data, e.g., the parlmeters to be

estimated might include ballistic oetfticient in addition to position

and velocity. The improvements In accuracy which can be obtained by

increasing the order of curve titting, and also the maximam usetul

smoothing time for any given approximation, can be estimated from the

geometry oa the problem.
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V. coNcwn ro

The error in a single-puLus Ongle measurOemnt witn #4 ',h~aed array

radar, due to revelver noise and random phase error* in the Individual

channels, is given by 1,q. (i5) above. Tihis equation ti appliable to

arrays with non-unirorm element spacings, which Ire often connidered

for use in hard point ballistic mnssile deteorme systenm

Measured data from a train of radar pulses are used to obtaii

estimates or ew4I and angular rate for interceptor guidance. The

accuracy of those estimates van be Improved by using more complex

smoothing procedures and longer smoothing times. This is another

possible area ror design trade-otftnj incr.oes In accuracy can be

obtained either by inareahngl the complexity of data processing or

by increasing transmitted power (or Pa19A1  product). A simllar

situation arises In seareh, where Increased detection range can be

obtained either by increased computer complexity (sequential detection)

or by Increasing Lhe power-aperture product,
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